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Abstract
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1. Introduction
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ZLDIRVF 74T UTA4ETY »7IE. A7 RiBFE(Gaussian process, GP)EIFIZE D <,
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2. Methods — (a)

(a) Regression with Gaussian processes

o BAIINI-AN/EAT -2ty bD={xy} =)D H 5,

« DT —XAKRMOBEHBER Y = fix) 555, £ DEBfALFIIBEBmM=0. HoHBERkE
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where ky,; =[k(xy,x1), ..., k(xe, x,)] and kyy = k(xy, x4). Predictions are computed using the LT ?&E TZ5 o

14 (x5) = kg K1y

posterior mean [ty while uncertainty associated with these predictions 1S quantified through the
] : 7 -
posterior variance oy
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2 * GaussBIZGP(f|u(x), k(x,x'))
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2. Methods — (b)

(b) Multi-fidelity modelling with recursive Gaussian processes

Lowest (1st)-fidelity data: D; = {x1, 4}
2nd-fidelity data: D, = {x5,y,}, ...
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2. Methods — (¢)

(c) Nonlinear information fusion algorithms

(i) General formulation
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fr(x) =ze—1(fi1(x)) + 8e(x),
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2. Methods — (¢)
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2. Methods — (¢)

(ii) Prediction and propagation of uncertainty
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2. Methods — (¢)

(iii) Workflow and computational cost
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3. Results

3DODHEICERY $HT,
- INZENDOBIRBETIIIREF EICWITDIELLIE A2 N 714 T 5,
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(i) HENBBRFE<ILF 7 4T U T 4 GPEF(ART & KED, Ref. 6 by Kennedy & O'Hagan)

PythonOF—7"> Y —R 7477 )GPyZz R L TEEL 7,

19. GPy. 2002 GPy: A Gaussian process framework in python. See http://github.com/

Sheffield ML /GPy.

LA, TOMXTHWO—FLRAREINTWS,

Data accessibility. The code and datasets supporting this article are available at https:/ /github.com/paraklas/

NARGP.
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3. Results — (a)

(a) A pedagogical example Figure 1a

> Low-fidelity 7 — &
E5OR, T — X #5052

fi(x) = sin(8mx)

> High-fidelity 7 — %

Low-fidelityBA%8 f; & IE—HR(XIKTF) D DIFEHRIZ(2
| B, T— X a4 (low-fidelity 50 A
T D FEENLEXD A H 5 145 F)

— exact high fidelity

= = exact low fidelity

x high-fidelity training data (14 points)
o low-fidelity training data (50 points)
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3. Results — (a)

£ 413, High-fidelity — £ =3 L TEE OGPEIR% Figure 1b
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- - GP posterior mean

B 2-standard-deviations band

» high-fidelity training data (14 points)
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3. Results — (a)

Figure 2a |, IREFETH 2 Figure 2a Figure 3a

NARGP CDHEGE,

« High-fidelity7 — X AM WL\ &
AL EKHEETETWLWS,

« Low-fidelity7T — X & H#EE L 7=
WEDREH (Fig) 1'ELS
LY FAF->TWA LD R
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ZHRWHTE,

— exact correlation
—- predicted correlation (NARGP)

. predicted correlation (AR1)

NARGP®D 1 — L (2.12)1C & n
V) . FERRE H D ZEREATE D low- 4! N ey g 14 i « f, :]U 0.5
& high-fidelity7 — # Bl D AEEF (1 S x —
DWTHBEYICEETETLS
7z % (Figure 3a),
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DANDZILDIBEWITIRE T, Liy 2




3. Results — (a)

Figure 2b @ & BRAYIRTZART Tl High-fidelity 7 — % R BUC T 2 PRMEZ R 2 &\
HFEYUBWHEEATETULAL,  NARGPHH®RHECPNRL TLWBERFHDD D,
AR17TC £ Low- & High-fidelity 7 — o ARTDFREUCZERKGFHEZF/-E7-ART-pX)DIHE
ZEMEEDIEL KHETETL ¥, J5lT £ DAR1T-constant p & V) 23,
VAN L\(Figure 3a)o ° E%@GP@U%@HREELJZ&%:\%O

Figure 2b Figure 3a

GP

AR1 (constant p)
Q| — ARl (p(x)
- | — NARGP)
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3. Results — (a)

NARGPTI(X

frn(x) = gn(x, f1(x))
& LT,
High-fidelity 7 — X OB &
x = fi(x)°Low- & High-
fidelity7 — 2 D8R f,(x) »
fn(x) Z a4 128Kk D D TIE7R <

x, f1(x) = fir,(x) & WD X3
%7z IEBPAT(XIKTF) - FERRZEE
&L TKRIRA,

Figure 3a® £ © 2B 7 Low-
& High-fidelity 7 — Z O 48
ZlIEE, BorREEG &
L CERZHEET 5,

G manifold

exact correlation

exact low-fidelity f; (x) and
nested training data (14 points)
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Figure 4. A pedagogical example: the NARGP algorithm can capture complex nonlinear, non-functional and space-dependent
cross-correlations by inferring the nonlinear latent manifold G that governs the functional relation between the inputs x and
the outputs of the low- and high-fidelity models fi(x) and f;(x), respectively. (a) The low-fidelity model is projected onto the
nonlinear latent manifold G that is inferred using the deep non-parametric representation of equation (2.11). (b) The high-

fidelity function f; (x) is recovered by a smooth mapping from the GG manifold to the high-fidelity data. (Online version in colour.)



3. Results — (b)

(b) Multi-fidelity approximation of the Branin function

ATIXDR2RITHI D, 747U T 4 B3RS LT X MEE,

2
. T

High-fidelty (Branin®2h) R R NN RN (TR IS

Medium-fidelity f200) =10,/fax — 2) +2(x1 — 0.5) = 3(3x2 — 1) — 1

fi) =H(12x +2) = 3x2 + 1.

Low-fidelity

(D)
350
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. 200 3 - 200

J3 2 " e J3
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=50 |,
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Figure 5 |
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D r[R1L "

—150 0 vk 0
200 =100 ) 100 200 =100 0 100 200 —200 -100 100 200 300
: h /5

Figure 6 2-BE% A DAHES 20/ 26




3. Results — (b)

7V Z LY T v L fzLow-fidelity 7T — Zn1=804, Medium-fidelity 7 — Z n2=40
=1, High-fidelity 7 — 2 n3=20 5 % {E X,

HIZE L TlE. 2o ZzRAWTH %X IEREICHIgh-fidelity (Branin)B8Ztz #E7E L 7= L,
— NARGPIZ & B #EE [dFigure 7, BraninB8#i& K <HETE L TW b (@) L. HETE DIELER
ZD)E. BREDRKETVWE AN EIA(QBBLLTRL TV,

NARGP posterior mean . NARGP 2 std NARGP absolute error

.‘L'l X 1

Figure 7. Multi-fidelity approximation of the Branin function: (a) NARGP posterior mean, (b) 2 standard deviations and
(¢) absolute point-wise error with respect to the exact solution £;. (Online version in colour.) 21/ 26




3. Results — (b)

Figure 8T‘|EU%7°III v FZRLTWAD, TOE—GPOFBERELTTRY FEhTn
HARDRIE, BXOERME->TWSE (I—FFDNT) , ELLPo>THIEED
2N El@oto 127 5%,
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e NARGP (R{=0.99962)
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3. Results — (¢)

() Multi-fidelity modelling of mixed convection based on experimental correlations

and numerical simulations

EFEADLAE LT, WiEEOME (NAMEMFICL 2 BAXREPIC., BEOTESIXT
maMZ D, AEDORENDBDIEH Y HlZEDLSITEHLEH?) ICEALTHAL I,

-10 =5 { 5 J J 5 ) 5 10 -10 -5 0 5 10

Figure 9. Multi-fidelity modelling of mixed convection: (a) sketch of mixed convection of flow over a cylinder. (b,¢,d)
Representative temperature fields obtained through high-fidelity Navier—Stokes simulations for aiding (¢p = 14.8°), cross
(¢ =97.7°) and opposing (¢ = 152.1°) flows, respectively. (Adapted with permission from Babaee et al. [7].) (Online version
in colour.)
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3. Results — (¢)
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—Cross-flow (®~90° )H 7=V THENEL, Ref[7]1DFEEIL. [T D/XT A —XEFHT
|ZLow-fidelityT — X IZBE B Tl 7% <. High-fidelity7T — 2 A NAIRTH 5| & iEimlT
T 7z

Bk . FERDOHETOES (I, AVWZARTIETILOHETENDRFAIZE S H DT,
NARGP 7 A L LI B8 Y) 2 Low- & High-fidelity 7 — X tHEE D IER A HH TE 2D Tl ?

M Reynolds#iRe ... KBRS 2181 (F7R) DL Re = UL/v
X Richardson#XRi ... BHxI 7R (1B1E) ST 5 BRI CF) DLE Ri = gBATL/U?
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3. Results — (¢)
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4. Conclusion

JEXRF B 2 A)FGaussBEMISZIRE L 7=,
(Nonlinear Auto-Regressive Gaussian Process regression, NARGP)

ERREDZH D Low-fidelity7T — X & BEE T2 D E DHigh-fidelity7T — &% (£7/21Ex 5
IZZ B DOMulti-fidelity7 — %) Z@EiE L T, ROLZVLWEBEERRZHEET Z2~YILTF 74T
T4 ET YUV ITFEE

BERTOFEBZ0HLERQRQINDEICT A2 L THEIR M EBFDOGPHEF & RIREIC
Mz %, ASAx&Low-fidelityEHNf;E WO BB T —2%k > H—FIIEEKE L TH(2.12)
ZRZEL. TNITK Y AAXITHT T 5 ZEIFE—HRME © Low- & High-fidelity 7 — & D FERR T2
MEHIKZ S WO IRz AIEEE L7,

SEDOTAMTIEFREET —RIZ/ARXRDBEWGEDOHIIRE LT (ENTH+2ERDN)
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[A])% (heteroscendastic GP, stochastic variational inference GP, warped GP) 74 & (& E #2
25T ETILRTEDIEA D,
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